We introduce an equivalence relation, called stable equivalence, on knot diagrams and closed curves on surfaces. We give bijections between the set of abstract knots, the set of virtual knots, and the set of the stable equivalence classes of knot diagrams on surfaces. Using these bijections, we define concordance and link homology for virtual links. As an application, it is shown that Kauffman's example of a virtual knot diagram is not equivalent to a classical knot diagram.
Introduction
Virtual knots were defined in [9] via diagrams. These capture the combinatorial structure of Gauss codes and provide interesting examples that contrast with classical knot theory. They were used in [3] to study invariants of finite type. The combinatorial nature of virtual knots, however, has caused difficulty in attempts to generalize classical invariants.
A bijective relation between virtual knots and certain knots on surfaces, called abstract knots was given [7] . In this paper, we give an alternate geometric interpretation of virtual knots, called stable equivalence of knots on surfaces. Our interpretation enables us to introduce notions of cobordisms for virtual knots, for example. In particular, we classify link homology of virtual links, and use sliceness to distinguish virtual knots from classical knots as applications.
The paper is organizes as follows. In Section 2, we define stable equivalence. Relations to abstract knots and virtual knots are established in Section 3. Cobordisms for virtual knots are defined and studied in Section 4. Applications are given in Sections 5.
Stable equivalence of knots on surfaces
Let D be the set of all pairs (F, D) such that F is a compact oriented surface and D is a link diagram on F . For two elements (F 1 , D 1 ) and (F 2 , D 2 ) of D, by (F 1 , D 1 ) e ∼ (F 2 , D 2 ) we mean that there exists a compact oriented surface F 3 and orientation-preserving embeddings f 1 : F 1 → F 3 , f 2 : F 2 → F 3 such that f 1 (D 1 ) and f 2 (D 2 ) are related by Reidemeister moves on F 3 (Fig. 1 ). 
For example, let F 1 and F 2 be a torus S 1 × S 1 and let D 1 and D 2 be simple closed curves in the torus such that D 1 is null-homotpic and D 2 is not. It is easily seen that
We note that for an element (F, D) ∈ D, a quandle Q(D) and a group G(D) are defined diagramatically in the usual way in knot theory. These are preserved under stable Reidemeister equivalence.
Let C be the set of all pairs (F, C) such that F is a compact oriented surface and C is generic closed curves on F . (Generic means that C is immersed and the singularities are transverse double points.) By (F 1 , C 1 ) e ∼ (F 2 , C 2 ) we mean that there exists a compact oriented surface F 3 and orientation-preserving embeddings f 1 :
Definition 2.2 Stable equivalence on C is an equivalence relation on C generated by the relation e ∼.
A natural map
π : D → C sending a knot diagram to its underlying immersed curve induces a map
The map π ∼ is well-defined since homotopy of curves is generated by Reidemeister-type moves -more precisely the projection of the Reidemeister moves.
3 Virtual knots and abstract knots It is known that there is a bijection between V K and the set of Gauss codes (or Gauss diagrams) modulo Reidemeister moves defined in the Gauss code level, [3, 8, 9] . (Refer to [11, 12] for Gauss codes and Reidemeister moves on them.) Let AL be the subset of D consisting of (F, D) such that |D| is a deformation retract of F , where |D| is the underlying immersed curve in F . See Fig. 3 
we mean that there exists a closed connected oriented surface F 3 and orientation-preserving embeddings f 1 : (1) (2) (3) (4) (5) Figure 3 :
There is a map (which we call skimming process)
An abstract link diagram is regarded as a disk-band surface such that there is a usual crossing in each disk and a proper arc in each band, see Fig. 3 (4) . Fig. 3 is an illustration of the skimming process, see [7] for the definition.
The inclusion map
is an abstract link diagram, which we denote by Abs(F, D).
, we see that the map ι ∼ is surjective. Suppose that two abstract link diagrams (F, D) and (F ′ , D ′ ) are stably Reidemeister equivalent. There exists a sequence (F,
Now we see that V L, AL, D/ ∼ and the set of Reidemeister equivalence classes of Gauss codes are mutually equivalent.
Link homology and concordance of virtual links
We recall the definition of knotted surface diagrams [2] . A knotted surface diagram K is a generically and properly mapped surface in a 3-manifold M such that the double point curves are given crossing information. Thus K has isolated branch and triple points and double curves. Along each double curve, one of the two sheets involved is over-sheet, the other is the under-sheet, and the under-sheet is broken (interior of small neighborhood removed). At a triple point, there are top, middle, and bottom sheets. Such a diagram is considered to be a projection of an embedding of a surface in M × [0, 1]. On the boundary, we have a classical knot diagram on a surface ∂M . (1) h is transverse at 0 and 1.
(2) h is generic on M , ∂M , and S, and on all the self intersections and singularities of M , ∂M , and S.
Thus h has isolated Morse critical points on all the sets listed in (2), at distinct critical values. The sigularities on S gives Reidemeister moves, and the move listed in Fig. 4 bottom. Specifically, the type I, II, and III moves correspond to branch points, minimal/maximal points of double point curves, and triple points. The minimal/maximal points and saddle points of S corresponds to bottom left and right, respectively, of Fig. 4 . The Morse critical points as handle moves are listed in Fig. 4 top and middle. The critical points of ∂M are maxima/minima (the top left entry) or saddle points (the top right). From the point of view of the boundary 1-manifold, they correspond to handles of indices 0/2 and 1, respectively. The critical points of IntM are similar, and depicted in the second row left and right. Theorem follows as these exhaust generic singularities and critical points. This linking number is the same as the virtual linking number vlk(D j , D k ) in the sense of [3] under the correspondence between virtual links and links on surfaces via skimming process. Proof. This is a consequence of Lemma 4.3. 2 Remark 4.14 Other kinds of genera of interest are defined as follows. A closed realization of (F, D) ∈ D is an embedding of F to a closed oriented surface G. The supporting genus of (F, D) ∈ D, denoted by Supp-g(F, D), is the minimal genus of such closed oriented surfaces G, cf. [4, 5, 6, 7] . The ground genus of (F,
Slice curves on surfaces and Kauffman's example
Virtual link-concordance on D is naturally defined similarly for C simply ignoring the crossing informations. Lemma 4.3 holds for C under such a definition, and thus the virtual link-concordance is well-defined for C/ ∼. In [1] , a necessary condition for sliceness of immersed closed curves in a surface was given. Fig. 8 is not slice. Figure 8 is different from the example given in [1] . However it has the same Gauss code with that in [1] and hence it is not slice.
In [10] , L. Kauffman gave two problems:
1. Is the virtual knot diagram in Fig. 9 (1) virtually Reidemeister equivalent to a classical knot diagram? (The quandle and the group are the same as those of a trivial knot diagram.) 2. Is the universe ( Fig. 9 (2) ) of the virtual knot irreducible?
Here a universe of a virtual knot diagram is a virtual knot diagram without imformation of over/under crossings for real crossings (do not confuse them with virtual crossings). Virtual Reidemeister moves for the universes of virtual knot diagrams are defined by ignoring over/under information for real crossings. The universe of a virtual knot is reducible if it is transformed into the universe of a classical knot diagram by virtual Reidemeister moves.
(1) (2) The virtual knot diagram in Fig. 9 (1) is mapped to (F, C) ∈ C in Fig. 8 . This is not slice (by Theorem 5.3). On the other hand, any classical knot diagram, which is regared as an element of D by considering it is on a large 2-disk in R 2 , is mapped to an element of C which is slice. Since sliceness is invariant under stably equivalence on C, we see that the virtual knot is not virtually Reidemeister equivalent to a classical knot diagram. 2 Alternate proofs are given in [13] and [14] .
Proposition 5.5 The universe in Fig. 9 (2) is not equivalent to the universe of a classical knot diagram.
Proof. The map π : VL → SVL sending a virtual link diagram to its universe induces a map
where SVL is the set of universes of virtual link diagrams and SV L is the set of equivalence classes. It is not difficult to see that the map ρ : V L → C/ ∼ factors through SV L; namely, when we put f = ι ∼ • φ, there is a map f ′ which makes the following diagram commutative.
The universe in Fig. 9 (2) is not equivalent to the universe of a classical link diagram, because their images under f ′ are distinguished in C/ ∼ by sliceness. 2
